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2024 CMWMC Guts Round Solutions

1. Ally the ant is on one vertex of a cube. How many paths are there for her to get from her vertex
to the opposite vertex, given that she travels on just the edges and reaches the other side in 3
moves?

Proposed by Ishin Shah
Answer. 6

Solution. There are 3 moves for the first move, 2 for the second given the first move, and one
last move to the opposite vertex.

This makes the answer 321 = @

2. There is a straight river 9 furlongs in width, and a spotted lanternfly 6 furlongs away from the left
bank of the river (point X in the diagram). The lanternfly wants to reach a grapevine on the right
bank of the river (point G), 8 furlongs downstream. The lanternfly could go directly to the grapes,
travelling A furlongs. Alternatively the lanternfly could go to the point on the left bank straight
across from the grapes (point Y'), then cross the river, travelling a total of B furlongs. Find |[B—A|.

Proposed by Allen Yang
Answer. 2

Solution. The distance from X to G is A = /(6 + 9)? + 82 = 17 by the Pythagorean theorem.

The value of B is the distance from X to Y, plus the distance from Y to G. We have XY =
V62 + 82 = 10 by the Pythagorean theorem, and YG = 9. Therefore B = 19, and the answer is

119 — 17| =[2].
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3. A bacterial colony doubles in size every n minutes, for some n. However it is quite shy and pauses
growth for 30 minutes after being observed. Laura observes the colony at 1:00 PM and records a
size of 1 mm?. Laura observes the colony again at 2:50 PM and records a size of 16 mm?. What
will the size of the colony (in mm?) be when Laura checks again at 4:20 PM?

Proposed by Justin Hsieh
Answer. 128

Solution. Growth is paused from 1:00 to 1:30. From 1:30 to 2:50 (80 minutes), the colony
increases by a factor of 16 = 2%. This means the colony doubles every 20 minutes. Growth is

paused again from 2:50 to 3:20, and the colony doubles three more times from 3:20 to 4:20. The
size at 4:20 is 16 x 2% =128 |mm?.

4. Consider the regular hexagon ABC D EF with side length 1, and consider points X1, Xs, X3, ... X923
which all lie in the interior of the hexagon. Find the minimum value of

AXy + X1 X9 + Xo X3 4 -+ 4+ Xop22X0023 + X2023C.

Proposed by Michael Duncan
Answer. /3

Solution. The line segments form a path from point A to point C. The length of this path is

minimized when the path is a straight line. This line has length V3|

5. At a bakery, Cathy crumbles one out of every five cookies that she individually packages. Cookie
crumbling occurrences are independent from one another. What is the probability that the third
cookie she crumbles occurs on the fifth instance of packaging a cookie?

Proposed by Courtney Carullo
Answer. 96/3125

Solution. This is the probability that two cookies crumble in the first four packages, times the
probability that the next cookie crumbles. This is equal to

4\ (41N 1 [ 96
P(third cookie crumbles on fifth instance packaging) = (2> <5> (5) = =305 |

6. How many 3-digit numbers ABC are such that A + C' — B is a multiple of 117
Proposed by Ishin Shah

Answer. 81
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Solution. The divisibility rule for 11 states that ABC is a multiple of 11 exactly when A+C— B
is a multiple of 11. Therefore the answer is the number of 3-digit multiples of 11. We have
100 < 11z <999 for 10 < x < 90, yielding numbers.

. Find the sum of the values of x such that |||z — 1| — 1| — 1| = 1] = 1.
Proposed by Andrew Peng
Answer. 5

Solution. z = +1,43,5, so the sum of the values is just 5. An interesting observation is that
this is true for all equations of this form.

. How many ways can you tile a 3 x 6 board with 6 L-shaped triominos (a 2 x 2 square without
one tile)?

Proposed by Andrew Peng
Answer. 8

Solution. There are two ways for each 2 x 3, so 23 = 8.

. Nicole goes for a walk on a clear, moonlight midnight that starts from her house at point X. At
each minute ¢ = 0,1,2,... she walks along a directed arrow in the graph. What is the largest
value of ¢ for which Nicole cannot possibly be back at X? For example, at time step 3 she cannot
be back home because there’s no loop of length 3. She also can’t be back at time 9, even though
she’s passed her house, because she’d have to walk additional steps.

Proposed by Brandon Dong
Answer. 11

Solution. There are loops of length 5, 7, and 8 (we can get 8 by taking the first edge of the
pentagon, then turning left onto the heptagon). We can be home at time ¢ if we can write ¢ as the
sum of a combination of 5,7,8. By trying out small cases, we can’t get 1-4, 6, 9, or 11. However,
we can get every number 12 or higher. The answer is .
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10.

Let p € R such that the polynomial 2 + px + % has two (not necessarily distinct) real roots a,

b. Compute
(a —p+2024)(b— p + 2024)

2024 — ab

Proposed by Michael Duncan
Answer. 2024

Solution. The only way for the given polynomial to have two real roots is if p = 0: the
discriminant of the quadratic is p? — 4 (%) = —p? <0, with equality at p =0. Thus a = b =0,

making the answer | 2024 |.

11.

What is the greatest integer n such that 2™ divides

Ix(142)x (14243)x -+ x (1+2+---+100)?

Proposed by Jenny Quan

Answer. 94
Solution. Using the identity 1+2+---+n = %, we can rewrite this quantity as
1x2 2x3 3x4 100 x 101 (10012 x 101
X X X e X =
2 2 2 2 2100
Focusing on 100!, there are 50 factors that are divisible by 2, 25 of which also divide 4, 12 of
which also divide 8, and so on. In total, 100! has 50 + 25 4+ 12+ 6 + 3 + 1 = 97 factors of 2. This
2
means (100;)1705101 has 97 x 2 — 100 = factors of 2.

12.

Define the obtuseness of a triangle with side lengths a > b > ¢ to be min(%, %) What is the
maximum possible obtuseness of a triangle?

Proposed by Eric Oh
1+V5
2

Answer.
Solution. Let b = nc and a = mb = m(nc) = mnc. Note that n,m > 1. We can then re-express
our side lengths as ¢, ne, mnc. From the Triangle Inequality, mnc < ¢+ nc. (We allow degenerate
triangles). Dividing by ¢ (noting that ¢ # 0), we have mn < n + 1. From here, let’s rewrite our
inequality:

1
mn<n+l = mn-n<1l= nm-1)<1 = m<1+—
n

So, the maximal possible value of m is 1 + % Thus, we now have to find the maximal value of

1++5
5|

min(1+ 2, 7). This occurs when 1+ % = n, which occurs when n =
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13.

How many integers are roots of

(22 —2)(2® -z —-1)(2? -2z —2)- - (2% —z — 200)?

Proposed by Ishin Shah

Answer. 28
1+\/1+740 1—m_ In our big

polynomial, we see that all roots lie in between 1=¥1+800 1+80 —13.65 and 1+V 1+80 ~ 14.65. The
possible integer roots are thus —13, —12, —11, .. 14

Solution. Let n be a real number. The roots of 22 — x — ¢ are

Furthermore, if ¢ = n(n + 1) for some integer n, then the roots of 22 —x —n(n+1) = (z+n)(x —
(n+1)) are —n and n + 1. This means we can achieve all possible integer roots. Therefore there

are integer roots.

14.

15000 + N

Find the number of nonnegative integers N < 1000 such that 5N

is an integer.

Proposed by Justin Hsieh
Answer. 32

Solution. Add 1 to get that

15000+N+ 15— N 15015
15— N 15—N 15— N

is an integer. Factorize 15015 = 3x5x7x11x13. Then 15— N can be any of the factors of 15015
(positive or negative) such that 15 > 15 — N > —985. There are 32 negative factors in total, but
15015 _ 15015 15015 _ 15015 _ 15015 _ 15015 _ 15015
7 of them are less than or equal to —985: 3 ) , cal 1 R T
There are also 7 positive factors less than or equal to 15: 1, 3 5,7,11,13,15. This is a total of

2—-T+7= factors that work.

15.

A right circular cylindrical tank of height 100 and radius 10 was stood on its circular base and
partially filled with water. Unfortunately, after an earthquake, it tipped over onto its long side,
so we weren’t able to measure the water levell We measured the water level while it was on its
side, and found that the height of the water was exactly 10 — 5v/2. What was the height of the
water in the tank before the earthquake?

Proposed by Lohith Tummala and Robert Trosten

Answer. 25— 2

T

Solution. View the cylinder base-on and draw the sector which contains the water. The distance
between the center of the circle and water line is 5v/2, so we see by inspection that, if § denotes
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the angle of the sector, then §/2 = 7/4 by 45-45-90 triangles, i.e. § = w/2. The volume of water
in the tank is thus

£1072(/2) — (5v3)(5v/2) = 50(x/2 ~ 1)

so the height when stood-up correctly is

50(r/2 — 1)/(1007) = |25 — 22 |

as required.

16.

Katherene and April are playing a game on a 2 x 2 grid of squares. On each round, both players
simultaneously pick a square on the grid. If they pick the same square, they (collectively) win 3
points. Otherwise, if their squares still lie in the same row or column, they win 1 point.

If both players pick a square uniformly at random during each round, what is their expected score
at the end of 4 rounds?

Proposed by Justin Hsieh
Answer. 5

Solution. Each round is independent, so let us deal with each separately. For a given round,
there is a % chance that both players choose the same square. (When one player chooses a square,
there is a % chance that the other player chooses that square.) This rewards 3 points. There is
a % chance that the other player will instead choose one of the neighboring squares (which lie in
the same row/column, but isn’t the same square as the first player’s square), and this rewards 1
point. Thus, the expected score for a round is

Multiply this by 4 rounds to get .

17.

Find the number of ordered pairs of integers (z,y, z) with |z|, |y|, |z] < 10, such that

|z +y+z|is prime and (z—y)? + (z —2)* + (y — 2)? = 2.

Proposed by Henry Zheng
Answer. 54
Solution. (by Justin Hsieh) From the condition
(@ =y’ +y—2)7°+(@@—2)7>=2

we must have that two of x,y, z are equal to each other, and the third variable is 1 away.

Suppose p is not a multiple of 3. Then there is a unique way to set x,y, z such that z = y =
(z—1lorz+1) and z + y + z = p. In particular, = and y are equal to the integer closest to
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p/3. (For example, if p = 11, we have (z,y,z) = (4,4,3).) Also, there are 3 ways to permute
x,y, z, and we can take —x, —y, —z instead. This gives a total of six triples (x,y, z) that make
4y + 22 —ay—yr—wz=1and |z +y+ 2z =p.

For each positive prime p < 30 except for p = 3, there are 6 ways to set x,y, 2. There are 9 such
primes, so there are a total of solutions.

18.

Let A= (4,1), B = (10,9), and C = (9,6). Draw a circle with diameter AB. Construct point P
on this circle such that ZAPC = ZBPC = 45°. Find the sum of the coordinates of P.

Proposed by Justin Hsieh
Answer. 17

Solution. Let O = (7,5) be the center of the circle, and let @ be on the circle such that
PQ bisects ZAPB. Since ZAPQ = 45°, we have ZAOQ = 90°. Similarly, ZBPQ = 45°, so
/B0OQ = 90°. This means AAQB is a 45 — 45 — 90 triangle with a right angle at Q. This gives
two possible locations for @, (3,8) and (11, 2).

We are given that C' must lie on PQ. This means we can calculate P by extending a line from
@ to C, and finding where it intersects the circle. If @ = (3,8), we get that P = (12,5). If
Q = (11,2), then P = (7,10). Both possible locations for P give the same sum of coordinates,

17}

19.

Find the least rational number x such that it is possible to write

for some digits 0 < A, B,C,D,E,F <1 and 0 < G,H < 5. (These are repeating “decimals” in
base 2 and base 6.)

Clarification: x should be a positive rational number.

Proposed by Michael Duncan

Answer. %

Solution. First, we simplify the repeating decimals. Note that 0.GHg = 6%(GH)6 + 6%(GH)6 +

= (GH)g - {30 = (Ge . Similar reasoning yields that 0. ABCDEF, = UECPED:2  Then

since these two values are both equal to x, cross-multiplying yields (62 — 1)(ABCDEF)y =
(26 —1)(GH)s = 35(ABCDEF)y = 63(GH)s = 5(ABCDEF)y = 9(GH)g. Since 5 and
9 are coprime, 5 | (GH)g and 9 | (ABCDEF ), so we test (GH)g = 5 and 9 = (ABCDEF)s.
This implies that G = 0, H = 5 and A,B,C =0, D =1, FE =0, F = 1. Then computing
yields % = 6% = %, SO T = % This is guaranteed to be the least such = as (GH)g = 5 and
(ABCDEF)y =9 are the minimum possible values for these, and z is a scalar multiple of these

values.
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20. Four points are evenly spaced on a circle of radius 2. Four circles of equal radius are drawn
centered at these points such that each circle is externally tangent to two other circles. These
four circles intersect the original circle at eight points. Find the area of the convex octagon formed
by connecting these points.

Proposed by Connor Gordon
Answer. 3V7+1

Solution. Fun trig :D

21. Annie has 4 wooden cubes, of side lengths lcm, 2cm, 3cm, and 4cm, respectively. Annie then
constructs a tower by stacking the cubes on top of each other, where the cube at each step is
chosen randomly. The tower is constructed such that the centers of the cubes are collinear to
a line perpendicular to the ground. What is the expected surface area of such a tower? (Don’t
count the face that touches the ground.)

Proposed by Michael Duncan

305

Answer. 5

Solution. Let X; be a random variable corresponding to the surface area contributed by the
cube with side length ¢ cm. Our desired answer is E[X; + X9 + X3 + X4] = Zle E[X;]. We
can then split each X; into the surface area contributed by the top and bottom of the cube, and
apply linearity again for ease of computation.

We find that :
e E[X1]=44+3(0+04+0+0)+3(1+0+040)=4+1
e E[Xo]=16+10+3+0+0)+14+3+0+0)=16+3+7
e E[X3]=36+21(0+8+5+0)+2(9+8+5+0)=36+1+2
e E[Xy] =64+ 10+ 154+12+7)+2(16 + 154+ 12+ 7) =64 4 31 + 30
o 305 ,
Summing yields 152+ 1/2 = | desired.
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22.

442024

Find the value of {4492_7

J mod 44.

Proposed by Henry Zheng
Answer. 7

Solution. Subtracting 722/(4492 — 7), we get 449221 — 449220 7 4 449219, 72 4+ 721 which
is just 7 mod 44 (we have 72 =1 mod 44 by FLT)

23.

Find the number of ways to tile a 2 x 5 board with dominoes (1 x 2 or 2 x 1) and 1 x 1 tiles.
Proposed by Henry Zheng
Answer. 228

Solution. (by Neil Makur) We can create a recurrence as follows. Given a tiling of a 2 x n
rectangle, consider the smallest k& such that the leftmost k£ columns have been tiled in their own
right.

If £ =1, there are two ways for the leftmost 1 column to be tiled: H and D

If kK = 2, there are 3 ways for the leftmost 2 columns to be tiled: columns to be tiled: ,

, and

If 3 < k < n, there are 2 ways for the leftmost & columns to be tiled. (You have a bunch of 2 x 1s
that overlap in the xz-coordinate, and there’s one 1 x 1 in two of the corners.)

Thus

C(n-‘rl = 2Cn + SCn—Q + 2Cn—3 + 2071,—2 + -4 201 +9

=1

We can write that 1+ 7' C; =

% by applying the recurrence to n — 1, so we have

Cn - Cn—2

Cn+1 =Cp1+2 (Cn + 9

) - 3Cn + Cnfl - Cn72

For n = 5, we can compute C5 = .
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24. Let Q(z) be a monic polynomial such that Q(z) = P(z)(x + 45) = P(x — 45)(z 4 2025) for some
P(z). Find Q(10) mod 2025.

Proposed by Henry Zheng
Answer. 325

Solution. (WIP) the idea is that the only polynomial that works is Q(x) = (x+45)(x+90)(z+
135)...(x 4+ 2025). We then just bash mods, and raise them to exponents to get our answer for
(10) mod 2025. We have

Q(10) = (10 + 45)(10 + 90)(10 + 135) - - - (10 + 2025)

= 10" + 10*(45 4+ 90 + - - +2025) + 0 (mod 2025)
(all other terms are divisible by 2025)

= 10" (mod 2025) (45 4+ 90 + - - - 4 2025 is divisible by 2025)
= (mod 2025) (Chinese remainder theorem)

For the last step, we can compute 10%° = 0 (mod 25) and 10% = (10°)> = 1 (mod 81), then by
CRT we get the answer.




